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Abstract 
In this article the conjectures of Legendre, Andrica, Oppermann, Brocard and their generalizations are proved . For this 


purpose, we study the gaps AL gy [De ; Pr+1] = LIk(Pr+1 ) - LGx( Pr ) between two consecutive primes 


(pp being the k-th prime) for any integer k> 2 and the variations ALg,[ N?;(N+1)?]_ of the primes-test- functions Lg, 
defined on intervals /(V) =](NV-1)7;N7+N1°[ NEN+2 by Vx E€ R Log(x) = RgvVx ln(x) 


with p, = Sup( p EP : p< N°) and Rọ = [Pe , (the idea being to control, for any k large enough on each interval /(V) 
k+1 

the variations ALg; [px ; Pr+1] on the one hand and ALg,[N*;(N+D’] on the other).Thus, for each integer M> 1048585 

we verify ALQ,[ Px ‘Prti] <1, lim ALgy [Pk > Pk+1] =0 and 


ALg, [N7; (N+1)7] >2 Ry ce (In(V) + 1) >4In(V). Thank you to an argument by recurrence and by the 


absurd we show that 4 7[N?;(N+1)?]>1 (T being the prime counting function) . The Legendre conjecture is thus 


confirmed. Using a similar approach, the conjectures of Andrica, Oppermann and their generalizations can be proved by 
fitting test-intervals and primes-test-functions of the form : 


1 
1-—— 
Ld, : x> Raxx' 2 In(x) with ge N+3 and Rax=" rate . Moreover the gaps between two consecutive primes are 
k+1 


. q 15 2 2 
estimated by VqEN+2 Prai- Dy =0 (Px ), [Pri -Pr < pot and Card(]N“;(N+1)“[NP) > mN) ` 
k 
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1 Definitions and notations 


(1.1) [x] is the entire part of the real x. 
(1.2) P is the infinite set of positive primes p; (called primes). 


(p1 =2; p =3; pg =5; p=7; ps =11; pe = 13 ............- ) 
(1.3) M is the prime counting function. 


(1.4) Vk EN+2 J(N) designate the interval |(W- 1) 7; NV7+ N°] 
(1.5) No =1048586 (Legendre-Iwaniec constant [18],[19],[16]) 
(1.6) In(x) is the neperian logarithm of the real number x with x> 0. 
(1.7) ln; (x) =In(In(x)) designate the iterated neperian logarithm of order two defined for x> e. 
(1.8) VN EN+2 theprimes py and py are defined by 
Py =Sup(pE€P:p<N’) and px =Inf(peEP:p>N’). 
(1.9) Vk EN+2_ Lg; isa primes-test-function defined by 


Pk 
Pk+1 


Vx EJ(N) Lg,(x ) = RyVx n(x); py = Sup(p EP: p< N?) and R, = 


(1.10) VkEN+2 and VqEN+3 Lg, isa primes-test-function defined by 


I 
vx EJ(N) Lqk:Xx> Rq x ln(x): Pk = Sup(p E P: p < N?) and Rq.= |=“ 
k+1 


(1.11) Li denotes the integral logarithmic deviation function defined for any real x > 2 by 


x at 
Li (x) = Ps 


(1.12) #p (I) =Card(/N P) denotes the number of primes contained in the set /. 


2 Introduction 


The number theory (Hardy,Wright[15], Landau[17], Tchebychev[26],[27]) is concerned with 
the distribution of primes and the estimation of their consecutive gaps. . Numerous results on the 
subject have been established by Axler[3],[4], Dusart[12],[13], Salvy[24], Bombieri[7], Chen[9], 
Cramer|11], Erdos[14], Iwaniec,Pintz,Harman,Baker| 5 ],[6],[16], Ramaré,Saouter|23]| 


and Zhang[29]. 


In 1772, Adrien-Marie Legendre[18],[19] formulated the following conjecture 


"Y NEN* the interval [N7;(N+ 1)7] contains at least one prime ". 


(This can be limited to the open interval /(V) = ]N%;(N+ 1)?[ ; Mand (V+ 1)? are naturally 
composite numbers). This conjecture is one of the four questions about primes put forward by 


Landau[17] at the international Conference of Mathematicians in 1912. 
Furtheremore Iwaniec,Pintz[16] have shown that for any integer n EN + 3 there is always 


23 
a prime p E [|n — n22; n |. Baker,Harman[5],[6] concluded that for a sufficiently large integer n 


there is a prime in the interval [n; n + o(n°°?°)] . 


The Legendre conjecture provides a better square-root majorization of the gap between 


two consecutive primes ppg and pg+1 of the form 


(2.1) V keEN* Pk+1 - Pr <4 (DE +3 


The results obtained by Iwaniec,Pintz,Harman,Baker|5],[6],[16] allow validation of this conjecture 


up to a value of N= 1048585 by solving the following inequation 
(2.2) Nt < 2N+1 NEN 
T. Oliveira e Silva [25] verified this conjecture on computer up to M= 4.1018. 


e For any real x> 6000 Axler[3],[4], Dusart[12],[13] and Legendre[18],[19] have shown the 
following framework 


x x 
(2.3) In(x)-1 Sly ln(x) — 1.10806 


(2.4) For any integer k > 15985 In(k) + In(In(k)) -1< rk < In(k) + In(In(k)) - 0.9427 


e In line with this advances we study on one side positive gaps for functions 


Lg; between two consecutive primes p; and pg+1 of the type 


(2.5) Alg,{p,; Prag] = LIk(Pr+1) -LEx(@x) verifying Lox (Pr+1) - L9%(Pe) <1 


and positive variations of functions between expressions of the form 


(2.6) ALg,(N7; (N + 1)?] = Lgx((N + 1)? ) - Lgx(N*) 
verifying 

(2.7) Lagx\(N + 1)*) - Lgg(N*) < LgrlPr+1) - L9x(Px) 
and 

(2.8) lim [Lg,((N + 1)?) - Lg,(N2)] = +00. 


allowing us to prove the conjectures of Legendre, Andrica, Oppermann and Brocard by applying 
reasoning by recurrence and by the absurd .Their generalizations can be proved by adjusting 
examination intervals and with primes-test-functions Lq; . 


We also obtain the following framings of the number of primes in the interval 
I(N) =]N%;(N+ 1)’[: these estimates are givenby VN € N* 


(2.9) 0<N<10*  0.78(N+0.5)/(n(N)-0.5) < Card(/(M) NP) < 1.03(N + 0.5)/(In(N) - 0.55) 


(2.10) 10*<N<10?°, < Card(/(M) NP) < 
N 
6 
(2.11) N>10°, Card(/(M) NP) > Tae 


Subsequently, estimates of the gaps between two consecutive primes of the form : 


vkeEeN* Vq EN+2 


(2.12) Devi ~ Dk <2( Vpr- 1-1) 
(2.13) Pr+1 -Pr = 0 ( Pk ) 


15 
(2.14) V Pvt -V¥ Px < mot 
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3 Background 


Recall the limited development and framing of Cipolla[10], Arias,Toulisse[2], Axler[3 ],[4], 
Massias,Robin[20 |, Salvy[24]. 


In2(k) 


p m 
(3.1) = EmA + Ciplkim) + O (CAm) 
with 
_ Tq (ng (K)) 
Cip(km) = ya=1 naoa 


where T, are polynomials defined by 


d°T, = q and verifying the following recursive relation Cipolla[10], Salvy[24], Axler[3],[4] Dusart[12],[13] 


(3.2) To(x)=x-1 
and 
VqeN+I Ty = 9Tq-1-T, aE aag Dhan — Fa] 


(3.3) Framings and limited development following Axler[3],[4] and Dusart[12],[13]. 


Inz (k)-2 
In(k) o( ln? (k) 


(3.3.1) E = In(k) + Ina(%) - 14 


(3.3.2) In(&) +n (X -1< re < In(k) + In,(k) - 0.9247 


(3.3.3) For any integer k> 46254381 


Inj(k)-—2  1n$(k) — 6ln3(k) + 10.667 


O O F 


Pk 
ST 


Inz (k)-2 _ 


< In(k) + Ing(k) -1 + 


In3(k) — 6ln2(k) + 11.508 
2ln? (k) 


4 Lemma 


Legendre’s conjecture is verified for any integer N< 1048586 


Proof. In this case (py) 9°25 < 2N+1; then from Iwaniec's results 


there is at least one prime q E] py ;py + (py) °°2°] . So, q E/(N). 


5 Lemma 
(51) VEEN+2  Lgk(Prr1) -Lgr (Pr) = Px [nA ) + In@,)(1- Ri. )] 
Proof. LIr(Pr+1) - LO x) = Re [Prs In@e+1) - Px In(px)] 


VP In(pk+1) - Frag MO) 
= VP Prr) - Px Ine) + VP InPx) - Tong iPr) 


= Vpr | InPe+1) - In(Ve)] + Pe MPL - Ric] 


Then 


Loe (Prat) -L 9x (Px) = Jor L nE + In(p,) (1 - Ry)] 


6 Lemma 


1 
TA _(# In(k+1) + Inz(k+1) -1+0 T] 
In(k) +1n2(k)-1+0 (nap) 


(6.1) 


ae + Inz(k) + © ; 


OC) 


+ Gn(k) +1n,() — 1) k 


De Ino + ma + Ta a 


=1- 
Pk+1 (In(k) + In2(k)-1) k 


(6.2) 


— | Pk = ln(k)? + Ino (k) In(k) +1 “ay 
oe) Me = Pky A 2In(k) (In(k)+ In2(k) — 1) k FON k2 


Proof. — = In(k) + lIn} (k) - 1 + O ( —— ), hence formulas (6.1) , (6.2) and (6.3) by quotient and radical 


T 


of limited T 


7 Theorem 
1 1 l 1 
(7.1) LIrlPr+1) -LIk (Pr) = Px | k eee. new | EOTS 


(7.2) Lgx(Pr+i1) -L9x (x) = 


inde + In(k) + Im2(k) ni) + Ima (OMO + DANWO tna = 1) =I) 1 [E.G 
Jinak) + Ing(k) — 1 2In(k).JIn(k) + Inz(k) — 1 k 


1 
T) 


In(k 
(7.3) Lge (Piss) -bge(Px) ~15 [ZE (ko +00) 


Proof. With Lemma 6 and the rules of limited development theorem 7 is validated. 


8 Corollary 
(8.1) vkeN* Lgk(Pr+1) -L9KC PK) <1 
(8.2) lim AL gx [Pr ;Pr+1] =0 


Proof. (8.1) : Validation using Maplesoft Maple for the first terms, then majorizations of the limited 
developments of (7.2). 


(8.2) : Terms in in the limited development of (7.3) which allows us to conclude. 


9 Theorem 


i In(p_)*? 
(9.1) VWkEN LO Pett) -LIk Øk) < 1.5 = oe 


Proof. By using the limited development. 


10 Lemma 
(10.1) There exists an integer N’ such that for any integer N > N’ 
2N+1 
Lgx((N+1)) -Lg,(N2) > 2Ry TEST (In(W+ 1)+1) 
> 4 In(V) 
(10.2) lim ALg,[N7;(N+1)*] =+% 


Proof. For any non-zero integer k the function Lg, is derivable on ] px ; Pk+al - 


_ In@) +2 


Lg(x) = Vx 


Then, using the inequality of finite increments applied to function Lg, on the real interval 
I(N)=]N?7;(N+1)?[ we deduce 


Lgx((N+ 1)°) -LIk(N?) > Ry LIKN + D’) 


> Rk (2N+ 1)(In((W+ 1)”) + 2)A/(N + 1)” 


(2N + 1) 


> 
2Rk (N +1) 


(InN + 1) + 1) 


> 41n(N) 


11 Theorem (Legendre Conjecture) 


(11.1) V NEN* theinterval /(V) =] N%(N+ 1)? [ contains at least one prime. 


(#p (1(N)) 21) 


Proof. We argue by recursion and by the absurd 
For every integer M> 1 let P (W) be the property 
(11.2) P (N) : "I(N- 1) contains at least one prime " 


a) According to Lemma 4 for every integer í= 2 to Nọ - 1 P,(/) is true. 
b) Let us show that for every integer N the property P(N) is hereditary, (P,(V) = P,,(V+1)) 


We suppose that P;,,(/V) is true; therefore /(/V- 1) contains at least one prime. Let p= py . 
Assuming that the corresponding interval /(V) verifies 
I(N) NP =@; then we put in evidence a contradiction . It follows : 
(N+ 1)?-N?<2N4+1<q-p 
But 


So there exists m E€ N* such that p= pm and q= Pm+1 it follows 


(11.3) Lgx(q) -Lgx(p)<1 according to Corollary 8. 
Now, according to the inequality of finite increases, applied to 


the function Lg, C® on [p,q] it follows: 


(11.4) Lax((N+ D’) -LIk (NÔ) > Re((N + 1)7- N°) Inf (Log (x) 7x EKN) 
>R, (2N+ YLg((N + 1)?) 


2N+1 
>2R, oo (In(w) +1) 


>4In(N) 
>1 (lim In(W) = +0) 
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Then finally 
Lgx((N+ 1)*) -Lax(N*) > 1 
> Lgx(q) -Lox@) 
We end up with an obvious contradiction because: p< N*< (N+1)? <q and then 
Lgx((N+1)*) - Lox(N7) < Lgr(q) -L9n(P) 
because Lg, isa C®” strictly increasing function defined on J (N). 


So the hypothesis is false and /(N) N P + Ø. Therefore, the property P,,(V) is hereditary and since for 
every integer í= 2 to No -1,P,,(/) and P, (No) are true, we deduce by recurrence that the property 
P (N) is true for any integer N EN + 2. There is no N such that /(V) NP = Ø, so for any integer 


NEN+2 /(N) contains at least one prime. Thus , the Legendre conjecture is validated. 


12 Corollary 


(12.1) V kEN* Pest - Pr < [4 Vpr- 1 +2] 


Proof. From the results of Theorem 11 on Legendre's conjecture, then 


for any integer kE N* there exists an integer NV such that the following inequalities are verified. 


(12.2) (N-1)2 415 pp < N?-1< N?+1 S pry <(N+1D?-1 
So Prii -Pr <(N+1)?-(N-1)?-2 =4 N-2 =4(N-1) +2 
(12.3) Pe+i-PrS4VPr—-1 +2 


(12.4) Pr+1 “Pr < [4NyPkr— 1 +2] 
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13 Theorem 


V NEN verifying N> 10? the interval I(N) =]N°; (N+ 1)? [ contains at least 


K- (N) =0.78(N + 0.5) / (In(N) - 0.5) and at most K*(N) = 1.03(N+ 0.5)/(In(¥) - 0.55) primes. 


#p (I(N)) verifies 


(13.1) 800 < M< 10000 0.3N / In(N)®5 < #p (I(N)) < 1.03(N+ 0.5)/ An(N) - 0.55) 


; <N< : n > < #p (I(N)) < 
13.2) 10000 <N < 100000 0.287 N / In(N)®” < #p (I(N)) 


(13.3) 105 <N<10° 0.287N / In(N)°53 < #p (I(N)) < 
(13.4) N>10° #p (I(N)) > 0.3N / [In(N)]*? 
e Examples: 


Proof. By recurrence, for any integer V> 20 let P(V) be the following property 
P(V):“ The interval /(V- 1) contains at least 0.78(N + 0.5) / (In(N)-0.5) and 


at most 1.03(V¥+ 0.5)/ (In(¥) - 0.55) primes“. 


P(20) is verified ; in fact, there are 7 primes between 400 and 441 then K~ (20) = 0.78x20.5/(In(20) - 


0.5) 6.41 < 7 and K+(20) = 1.03x20.5/(In(20)-0.55) ~ 7.11>7. 


b) Let us show that the property P (N ) is hereditary : (P (N ) => P (N+1)) 


Assume P (N) is true : then, 70((N+1)2) - TE(N? ) > K~(N) 


14 Properties of the conjectures of Andrica and Oppermann 
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The same type of reasoning as in theorem 11 is developed adapting the intervals of investigation and 
the primes-test-functions to prove the conjectures of Andrica[1], Oppermann[21] and Brocard [8].[28] 


From this we deduce the framings 


(14.1) Visi ype <1 


(14.2) Pr+1 -Pr S 2y/De 
(14.3) V qEN+2 Devi - Pe =9(/Dx) 


(14.4) The sequence W, =./Pni1-./Pn_ is positive of zero limit and verifies : 


Wy = J Pear -VDx < oa 


15 Theorem (Andrica conjecture) 


v kKEN* weobtain the following inequalities 


(15.1) Pens -yP< 1 


1 0.875 1.6875 307 
15.2 Da ee ie a 
Ca i i Jok Pe prok 128p? 


Proof . Using the same method as for Legendre's conjecture (Theorem 11), 
but working on intervals of the type 

L(N) =]M?; N?+ N[ and L(N) =] NN; (N+ 1)?[, it follows 
V NEN* each interval (N) =]M7; N?+ N[ and L(N) =] NN; (NV+ 1)? [ 
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contains at least one prime.It provides a square-root majorization of the gap between two 
consecutive primes p, and p;,,, of the form 


(15.3) VKEN* Prr- De S2Pe 
In fact 
(N-1)?+ (V-1) +1<p, 


SN?-15N?+1 


<Pk+1 
< N?+N-1 
We deduce 
Desi - Pr S N?+ N-(N-1)?-(N-1)-2 =2N-2 =2(N-1): 
So 
(15.4) VkEN Perr- Pk S[2 Pk- VP +1 ] 
It follows 
_Pk+1— Pk 
15.5 VkEN* y = 
( ) Pr+1 -Pr = Rok 
ae 
15.6 VkKEN* Jy 
( ) Pk+1 -Pr < Jora +-/Pk + [De 
However 
VkEN* Pk t2 < Desi 
then 


O aJa 
15.7 v keN* mY =d 
( ) Pkr+1 Pkr S ` [Prai +yprt2 Fe 


By using (with Maple) the Taylor expansion in the vicinity of x = +00 of the function f defined on 


[2 ; +e0[ by 


fixj=.[x + 2Vx—vx41 -yx 


Relation (15.4) is verified; then 


1 0.875 1.6875 307 
(15.8) VPr+1 -V¥Pe S |Pr t2 |Pr—yVPk t1 -\/pk S1-7=+ Sao T 2 
Ni Jok 128p2 


Pk Pk 
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16 Corollary 


(16.1) VKEN Desi - Pe S [2 Pr- Vee +1 ] 


Proof. Itis given at the beginning of the proof of theorem 15 with formula (15.4). 


17 Theorem 


The sequence (W,) defined by Yn € N* W,=./Pni1 -VPn is positive increased by M = V11 -V7 


and verifies 


(17.1) lim (W,) = 0 


Proof. (W,,) is a positive sequence because the sequence of primes and 


the square root function are strictly increasing on ]0;+00[ ; its maximum is 


= V11 -V7 ~ 0.670873 


Using the results of theorem 14 we deduce that for any real e > 0 there exists an integer n, / 


vn EN* (n>n) 
JPnv - JPn = _Pn+1— Pn_ 
ii ue yPn+1 + oe 


EV Pn 


nn 
~ J Pn41 + Pn 
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EV Pn 
/ 7 hea NE 
Pn+1 SB = pee + JPn 


i 44 
Pn 
<0.5€ 
thus 
lim (mp) =lim(VPn+1 -VPn) =0 
18 Corollary 
; 15 
(18.1) VneéeN Wr =VPnt+1-VPn < pot 
n 


Proof. We reason by the absurd, assuming that there are two consecutive primes pg and p,+, verifying 
15 
yPk+1 “y Pk > -oz 
Pk 
Therefore 
15 
yPkr+1 > Prt pot 


Then by squaring 


15 225 225 
Pk+1 > G/ Pe + pot )? = px + 30pp* + pee > Ppk41 -Pr > 30pp* + pps 


but 


according to theorem 17 (17.2) and by using Maple for k> 10* 
Pr+1 “Pr <25 “\/Px 
let f and g be two functions defined on [2 ; +00| by 


16 


225 
F(x) = 30x° + 


0.8 


and g(x) = 25x°°. Since f(x) -g(x) > 21 


a contradiction is revealed because it is impossible to have 


Pr+1 “Pr > f(x) > (Pe) +21 and g (pr) > Pr+1 -Pk 


so inequality (16.1) holds for all k € N* 


e Remark . It can be shown that 
K 
Piet “4 Pn < a (0<c<0.5) (Kı >0is avery large constant) 
n 


(using the same principle) 


19 Corollary (Oppermann conjecture) 


(19.1) The intervals I, (N )= | N?; N(N+1)[ and (N) = | N(N+1) ; (N+1)? [ contains at least one prime. 


Proof . According to Corollary 16 , we use the same method with disjoint intervals partitions of Z (W) 


and of length approximately equal to M. 


e Remark. The proof of Brocard's conjecture follows directly from those of Andrica and Oppermann , 
(see Paz [22],Brocard [8], Weisstein[28]). 


20 Lemma 


p 


(20.1) Vk EN+2 LaPeer) -Lae (Pr) = Vpr LMES +m) (1-Rqk)] with Ray = | PE. 
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alom _ In(k)? + In2(k)In(k) +1 1 
(20.2) Mie af Pees se q In(k) (In(k)+ Inz(k) — 1) k ii O Qa) 


1 1 In(px) 
(20.3) Lax(Pr+1) -Lar Px) =Vpr |7 + EO mA | +0) 


1 
mo + In(k) + Inz (k) 


(20.4) Lar(Pr+1) -Lar (Pk) =( Jin(k)+inz(k)—1 


(In(k)?+In; (K)ln(k)+1)(In(In(k)+lInz(k)—1)-In(k))) 1 


q In(k),/in(k)+In2(k)-1 ad +0 
1 
m) 
eT 
In 
(20.5) Lqie(Pe+s) “Lde(Pe) ~ C ——a 
qk 4 


Proof. Using operating rules for limited developments (controlled by Maple software) 


21 Corollary 


(21.1) VqEN+3 AK,EN/VKEN (K>Ky) Lax (Dei1) -Lax (Pe) <1 


(21.2) lim AL, [Pr ; Pr+1] = 0 


Proof. We examine the first terms using Maple and solve an inequality via limited developments. 


22 Theorem 
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1 
1-—— 
Inpo ® 


(22.1) WkEN* Lx (Pr+1) -Lar (Px) < C aa 
qk 4 


Proof. 


23 Lemma 


(2N+1) 


(23.1) For N>Ng Lax ((N+1)’) - Lqx(N7) > 2Rax EER (In(W+1)+1) 
> 4In(W) 
(23.2) lim ALq,[N7(N+1)?] = +00 
Proof. 
24 Theorem 


(24.1) Forany integer q=2 there are two integers N, and K, such that 
For every integers N>N, k> Ką and p< NITI (N — 1) the interval 


ICNP) =] N1 + pN; N? + (p+1)N[ contains at least one prime. 
(24.2) Forany integer k> Kq Presi -Pk <S 2(4{pp—1-1) 


(24.3) vq EN+ 3 Pr+1 -Pr =0( Vpr ), (k> +00) 
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Proof. For any integer q 2 3 let us show that there are two integers N, and Kq 

such that for every integers M> Ng k>K, and p< N^ -N11 the interval 

l (Np) =]N%+ pN;N4 + (p+1)N[ contains at least a prime pg. The same method 

of demonstration is used as for Legendre's conjecture in theorem 11 .We argue by recursion and 


by the absurd 

For every integer M> q*", let Pr(V) be the property : 

a) Ag? tg a tage) Sqr 

b) (14.1) Pr (W) :" Ig(V-Lp) contains at least one prime ". 


N7+pN+1Spy SN%+(p+1)N-1 Spya1 S N%+(p+2)N-1 


Deri -Pk S NI+(p+2)N-1-N4-pN-1=2N-252 %/p, —1-2 


25 Perspectives and generalizations (ofsame type) 


A 1 
(25.1) VneEN* al Dida -Pn < = with 0< e and A, > 0 constant 
n 


Primesg(N)=Cm,N/q\n(N) and Prismesg (N) = CM, N/q|n(N) 


We perform the same kind of reasoning by adjusting the intervals of investigation and the minor 


functions of the variations of the function 77 to prove the conjecture of Cramer( [12] ). 


In the proof of the Legendre conjecture (Theorem 11) with the same argumentation, we replace /(V) 
by 


le (N, g) =[N+ qln2(V) ; N+ (g+1) In?(V)], and Lg, par hc, (x) = c,x /(n(x) - cptanh(x-p, )) + c3 


Then we try to adjust the coefficients cZ,c2,c3 (functions of pg and px41) so that hc, verifies : 


Vx € |p} Pryl k< hck(x) <k+1 


20 


26 Conclusion 


These results are essentially due to the general (global) form of the prime counting function m and 


therefore to the variations of its lower convex envelope (positive concave function), which must satisfy a 
framework of the form : 


b-a 


(26.1) Va,bER (1<a<b) < f(b) -f(a)< k2 no 


kı In ane 


With this type of method Cramer and Firoozbakht's conjectures can probably be improved. 


To this end, identical tests with other functions (closer to the VARIATIONS of the convex 


envelope inf of the prime counting function) of the type fk ~ sent , f = Li, x/n(x)- 
k 


Anery can be performed to prove the CRAMER, [12] and FIROOZBAKHT, [19] 


conjectures. 
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